Abstract. The study of single-electron phenomena associated with tunnelling in semiconductor nanostructures has emerged in recent years as a major forefront of condensed matter physics, whose implications range from fundamental physics to electronic device applications. This paper presents a tutorial review of the subject, with emphasis on the role of single-electron charging in such semiconductor 'quantum dots'. The main purpose is to describe the various phenomena observed in these experiments and to present the theoretical understanding of these phenomena in an introductory fashion. The paper attempts to explain the underlying physics at the intuitive level and tries to draw, as much as possible, a unifying perspective on a relatively large body of knowledge acquired within a short time by the conjunction of many individual contributions.
Overview
This decade has witnessed the emergence of a new branch of solid state and semiconductor physics that studies the behaviour of electrons confined in precisely tailored man-made potentials. This field has developed from the confluence of several technologies that now allow for the routine fabrication and study of semiconductor structures that entrap small numbers of conduction electrons (< 100) in geometries of size comparable to their de Broglie wavelength (λ ≈ 50 nm). Studying these systems has proven to be a fertile experimental and theoretical endeavour, in which the discreteness of charge carried by a single electron and the interplay of quantum effects become manifest in striking ways. These phenomena are broadly referred to as single-electron effects in semiconductor nanostructures. This article aims to introduce the field and review its current status.
It is worthwhile taking a moment to clarify the intended scope of this paper. The field of single-electron charging evolved initially in the realm of granular metals and metallic tunnel junctions. Not only were the first single-electron charging phenomena observed in such systems, but many of the pertinent theoretical concepts were developed in that context. Furthermore, single-electron tunnelling in metals and in superconductors remains a vibrant field of research today. Indeed, the richness and the difference of the phenomena in semiconductors justify a separate review. Although the border between these two branches is at times arbitrary, this review is clearly restricted to semiconductor † Permanent address: Lucas Center for Magnetic Resonance Imaging, Department of Radiology, Stanford University, Stanford, CA 94305, USA. phenomena and does not attempt to describe the work done on metals. On the other hand, an attempt has been made to present the subject matter, including the theoretical concepts, in a self-contained fashion.
Furthermore, even within the specified area of singleelectron effects in semiconductors, an exhaustive account of all the work to date would be an elusive goal. The field is rapidly evolving and new results appear on a monthly basis. Thus, we have chosen to outline the field via a progression from the more straightforward concepts to what may be called the issues currently on the frontiers of our understanding. The objective in doing so is twofold. First, we hope that this paper may serve as a comprehensive introduction for workers in semiconductors who are newly becoming acquainted with single-electron effects; secondly, this review might help those already involved in the subject in sorting the extensive amount of information accumulated over time, and perhaps re-cast some familiar issues into a new perspective.
Thus, the paper is organized as follows. Section 2 is a survey of the primary experimental facts associated with the subject matter, namely a description of the different structures of semiconductor devices which exhibit single-electron charging effects and the most common measurements performed on such devices, showing these effects. Section 3 is a tutorial on the basics of 'classical' single-electron tunnelling, or Coulomb-blockade theory. As such this is a theory largely ignoring the peculiarities of the phenomena in semiconductors, but in our judgment it is a good theoretical starting point upon which to elaborate; this section attempts to clarify the concepts frequently encountered in the literature, with emphasis on their applicability to typical semiconductor structures. Section 4 is devoted to an exposition of a more realistic quantum mechanical view of single-electron tunnelling in quantum dots and demonstrates its necessity for understanding some of the experimentally observed phenomena. In particular, this requires the consideration of the entire (as opposed to electrostatic) energy of electrons in a quantum dot, and to draw the distinction between addition spectrum and excitation spectrum. Section 5 is built around the general topic of magnetic fields and the role of single-electron tunnelling as a spectroscopic tool. Finally, section 6 attempts to round off this review by giving a snap-shot of further issues and experiments that have been drawing the attention of workers in the field.
Semiconductor structures with single-electron tunnelling
Single-electron phenomena have been observed in a wide variety of semiconductor structures. The common feature of all these structures is a collection of free electrons confined to a small volume of semiconductor material. This confined system of electrons, often referred to as a quantum dot (QD), is then coupled via tunnel barriers to macroscopic electrical leads, across which electrons tunnel into, and out of, the confined volume. Furthermore, the QD can be affected by capacitive coupling to nearby electrodes. These ingredients -a QD, tunnelling and capacitance -are the basis of the phenomena which are reviewed in this paper.
A variety of approaches have been taken towards fabricating such devices in semiconductors. In most schemes the starting point is with GaAs heterostructures, providing confinement of electrons to a two-dimensional layer. Further confinement is achieved by lithographic techniques.
Planar quantum dots
One commonly studied structure, which will be referred to as a planar QD, is created by patterning several metal electrodes, or gates, on the surface of a two-dimensional electron gas (2DEG) heterostructure, usually of GaAs . Figure 1 depicts the structure of a representative planar QD schematically. A negative voltage applied to a gate raises the electrostatic potential in its neighbourhood and, typically around −0.5 V, depletes the underlying 2DEG in the vicinity of the gate. Consequently, under suitable biasing conditions, a small region of 2DEG remains at the centre of the structure, and is isolated from the remainder of the 2DEG. Numerical methods are commonly used to model the resulting potential and charge distribution in a self-consistent way [53] . There are two narrow constrictions, one formed between gates G0 and G1 and the other between gates G0 and G2, which are depleted of electrons, but the potential there is just slightly above the Fermi level and thus presents a low-energy barrier across which an electron can tunnel; in fact, the transparency of this tunnel barrier can be tuned by the voltage applied to these gates. (a) A typical planar quantum dot (QD), consisting of a GaAs heterostructure with a 2DEG near the surface, and a set of metallic gates which determine the area, total charge Q and the tunnelling barriers of the QD. The latter are formed by the constrictions created between G0 and G1 or G2. (b) A schematic representation of a planar QD, namely a small puddle of free charge Q confined by an external potential, coupled to two leads via tunnelling and a plunger gate, which capacitively influences the total charge in the puddle.
Before proceeding it should be pointed out that the constriction in a 2DEG defined by two adjacent gates, often called a quantum point contact, has been studied extensively as a system in itself [54] [55] [56] [57] .
One can distinguish between two regimes of transport as a function of gate bias. At weaker bias, ballistic transport occurs through the constriction, resulting in the celebrated quantization of conductance [55, 56] in steps of 2e 2 /h. At stronger bias, when the potential between the gates is raised above the Fermi level of the 2DEG, it forms an energy barrier, under which electrons can tunnel [58, 59] . Compared to the more familiar tunnel barriers formed by thin layers of insulating materials, point contacts give rise to barriers which are relatively low in energy and very long. It should not be taken for granted that well-behaved, tunable tunnelling occurs though such structures; the fact that the constriction can be pinched off continuously is not always a sufficient requirement for tunnelling to be practically observed. If the slot between the gates is much longer than 100 nm, lithographic and material non-uniformities render it difficult to achieve good tunnelling behaviour. It is fair to say that many of the phenomena discussed in this paper are an indication, and a result, of the fact that these submicrometre Schottky-gate point contacts form well-controlled tunnel barriers.
A third common, though not universal, feature of planar QDs, besides confinement and tunnelling, is an additional gate which is capacitively coupled to the confined region. This gate, sometimes referred to as a plunger gate, can be a separate surface electrode on the periphery of the QD [7, 8, 12] , shown as GP in figure 1 , or a back-gate, namely an underlying conductive layer [5, 25, 32] . In any case, its function is to modify the electrostatic potential ϕ inside the QD and thus change N , the average number of carriers confined within it. To a good approximation, the latter is linear in V p , the voltage applied to the plunger gate. Although any of the gates will affect ϕ, the advantage of using V p is that it has less influence on the tunnel barriers themselves.
Having described the structure of a planar QD, the most fundamental experimental measurements can now be described. With ohmic contacts to the two large 2DEG regions outside the QD, the conductance through the dot is measured as a function of V p . In other words, a small drain-source voltage, V ds , typically no more than a few µV, is applied between the two sides and the current I is measured. The current is due to electrons tunnelling from one side into the dot, and out of the dot to the other side. Often this is done at a very low temperature, inside a dilution refrigerator (about 0.1 K).
The low-bias conductance I/V ds is found to oscillate with V p . These oscillations have two striking features: they are approximately periodic in V p , and they can take the form of very sharp and narrow peaks. The peak-tovalley ratio at low temperatures is noise-limited and is often well over 100. Such results have been seen by many groups who have measured planar QDs with plunger gates . Representative data are shown in figure 2 [60] . The number of conductance oscillation periods can be several hundred. In fact, their precursors were first seen in a system of metallic junctions [61] and subsequently in narrow silicon inversion layers [62, 63] . These oscillations, which are referred to in the literature by names such as single-electron charging oscillations or Coulomb-blockade oscillations, have generated great interest and will be detailed in this review.
The conductance oscillations gradually disappear as the temperature is increased [6, 63] . The typical temperature scale is several degrees Kelvin in most structures studied to date; the reason for this will become clear in the next sections. In principle, the phenomenon can persist to higher temperatures with appropriate structures [44, [64] [65] [66] . The most salient features of the oscillations can be accounted for with a relatively simple classical picture, but there are several rather interesting aspects of the temperature-dependence of the oscillations that require a more sophisticated treatment.
Yet another important type of measurement is the (nonlinear) I -V curve, which is a measurement of I versus V ds , at a fixed value of V p . In these measurements, one finds a rather distinct threshold voltage beyond which current begins to flow. An example is given in figure 3 , showing the absolute value of I versus V ds in a planar QD. This threshold is associated with single-electron charging. In practice one often measures the differential conductance, G ≡ dI/dV ds directly, using simultaneous AC and DC biasing techniques. In section 4 it will be shown that complex fine structure is found in G versus V ds , and how this structure contains important information on the energy spectrum of the QD.
Vertical quantum dots
A different approach to realizing single-electron tunnelling in semiconductors is to have current flowing vertically with respect to the heterostructure layers, relying on AlGaAs, or other large-gap materials, to form tunnel barriers. Like their planar counterparts, these vertical QDs are structures in which the electrons are confined by the combination of the heterostructure layers providing vertical confinement and lithography to provide in-plane confinement; however, the details of fabrication are quite different. Here no in-plane tunnelling is required, allowing strong lateral confinement which is achieved by eliminating all but a narrow pillar in a standard, or modified, double-barrier tunnelling heterostructure. A schematic diagram is shown in figure 4 . Several variants of this basic design have been explored by workers in the field [67] [68] [69] [70] [71] [72] [73] [74] [75] [76] [77] . One of the technical challenges is making a separate electrical contact to the top of the pillar. The bottom is usually contacted via the conductive substrate itself, or a conducting underlayer.
The most straightforward type of measurement is a simple I -V curve. Such measurements have shown nonohmic features with fine structure related to the energy spectrum of the QD [67] [68] [69] [71] [72] [73] [74] [75] [76] [77] [78] [79] [80] [81] [82] [83] [84] [85] [86] [87] [88] [89] [90] . Thus in general this is a form of conductance spectroscopy, because tunnelling is enhanced whenever an available energy level of the QD is aligned with the Fermi level of one of the contacts. If single-electron charging affects the tunnelling, then it may be manifested as steps in the I -V curve. However, to observe this sequential charging effect, the tunnelling electrons must dwell and accumulate in the dot. This possibility is discussed in section 3.
Another important type of measurement is capacitance spectroscopy. This is done in structures which are designed so that there is tunnelling only between the QD and the lower contact layer, namely through the lower AlGaAs barrier. The top electrode serves only for capacitive coupling, and hence is also referred to as a gate. Such measurements were first performed on large arrays of vertical QDs [91, 92] , but more recently they have been performed on single isolated dots, using more advanced techniques to provide sufficient measurement sensitivity [70, [93] [94] [95] . In practice, the capacitance was measured between an electrode on top of the QD -the gate -and a conducting layer under the dot which is separated from the dot by a thin tunnel barrier. In other words both a DC bias and a small additional high-frequency signal are applied to the gate. The DC bias gradually populates the dot with electrons, by pulling down its potential with respect to the Fermi energy of the underlying conducting layer. Whenever an additional electron state is aligned with the Fermi level of the bottom layer, tunnelling is enhanced, Figure 5 . A plot of capacitance versus gate voltage in a vertical QD measured by Ashoori et al [94] . Each capacitance peak corresponds to a gate voltage at which a single additional electron is accumulated in the QD. Reproduced with permission of the authors.
giving rise to an AC current to the dot itself. The resulting charge modulation in the QD induces a capacitance signal on the gate, due to its proximity to the dot. Thus one finds peaks in the capacitance which are due to the addition of single electrons to the QD. Such results are shown in figure 5 . The precise meaning of this spectrum, as opposed to that which is measured via I -V curves, will be discussed in section 4.
Comparison between vertical and planar quantum dots
For some perspective, compare a few distinctive characteristics of planar and vertical QDs.
(i) Vertical QDs have essentially fixed tunnel barriers, which are typically high in energy (a few hundred meV), relatively thin (typically of order 10 nm) and sharp, namely well modelled by a square barrier. Planar QDs have tunable tunnel barriers, which are usually only a few meV high and of order 100 nm long. These barriers typically have a saddle shape which is broad and smooth on the scale of the electrons' Fermi wavelength.
(ii) In vertical QDs tunnelling electrons couple more or less uniformly to the entire area of the QD, whereas in planar QDs the electrons tunnel into the edges. This can significantly affect the tunnelling rates and lead to strong variations in heights of conductance resonances (shown in figure 2 ). Another view of this distinction is that vertical tunnelling approximately conserves in-plane momentum (or vertical angular momentum), whereas in-plane tunnelling conserves vertical momentum.
(iii) Vertical QDs can be empty of electrons and still enable tunnelling. In fact this is a typical experimental situation, which is favourable for probing the noninteracting spectrum of the QD, or the spectrum in the presence of a very small number of electrons. In planar tunnelling the QD is seldom empty of electrons.
(iv) It is technically more difficult to introduce a plunger gate in the vertical QD configuration, although such devices have been made [71, 72] . Hence in vertical structures most measurements are of two-terminal I -V or C-V type. Perhaps due to (iii) and (iv), Coulomb-blockade oscillations have not yet been reported in vertical structures.
Other types of semiconductor quantum dots
There seems to be an unlimited variety of methods to produce semiconductor QDs in general and specifically ones in which single-electron phenomena can potentially be observed. This section will not attempt to give a detailed picture of all the approaches that have been carried out. However, it is important to mention some of these works, if only to convey a sense of this variety and of the prevalence of single-electron phenomena in semiconductor devices.
One class would be QDs created partially or entirely due to random potential fluctuations in a 2DEG. Historically, the first observation of single-electron charging oscillations in semiconductors was in gated narrow channels in a 2DEG. Such periodic oscillations were seen in silicon [62, 63] and GaAs [96, 97] quasi-one-dimensional wires, near threshold, in which random, impurity-induced potential fluctuations led to the formation of a small isolated segment of the wire, which is an instance of a planar QD. The appearance of single-electron charging oscillations in disordered wires near threshold is not rare, although any given device will have characteristics which vary each time it is thermally cycled to room temperature and subsequently cooled again. The observation of periodic conductance oscillations in these structures initially motivated the study of artificially induced planar QDs [5] and the similarity of the phenomena confirmed, in retrospect, the source of periodic conductance oscillations in disordered quantum wires. Effects attributed to impurity-induced QDs have been reported in a number of other semiconductor structures [71, 74, 76, [98] [99] [100] [101] [102] [103] [104] [105] . Although the detailed characteristics of such devices suffer from being sample-specific and irreproducible, they can present extremely small QDs with correspondingly enhanced charging energies.
Another group, which are but a small step from the standard planar QDs, are planar QDs defined in a 2DEG by unusual gate geometries [106] [107] [108] , or by techniques other than Schottky gates. In part the motivation for alternative confinement techniques is the desire to reduce the total capacitance in order to increase the energy scale and temperature range of single-electron charging. These techniques include etching [109] [110] [111] [112] and implantation [113] , and even the use of remote [25] or non-metallic [27, 38] gates to modulate the QD's potential. Another variant is the use of delta-doped GaAs as the basis of forming a QD [102, 114, 115] , namely a homojunction, as opposed to the more common heterojunction 2DEG. There have also been quite a few experiments on planar QDs with no plunger gating, in which single-electron charging is not apparent, and whose focus was on other phenomena. Furthermore, there has been extensive work on infra-red spectroscopy of quantum dot arrays [116, 117] , which will not be discussed here.
Single-electron phenomena have been seen in a variety of semiconductor materials. Apart from GaAs heterostructures, there have been experiments in silicon inversion layers [118] [119] [120] [121] , other silicon and silicon/germanium structures [122] [123] [124] [125] [126] [127] and quite remarkable conductance oscillations in indium oxide wires [126, 128] . An entirely different class of QDs are those which are formed spontaneously during a chemical or physical deposition process. These self-organized dots can be extremely small and relatively uniform in size. Most notably, InAs self-organized dots have been the subject of much recent interest; similar dots have been realized in several other compound semiconductors as well [129] [130] [131] . Making contacts to these dots remains a challenge, but at present this appears to be one of the most promising approaches towards the realization of very small QDs. At the extreme end of miniaturization, single-electron charging of isolated molecules, and possibly of atoms, would present the ultimate form of a QD [103, 132, 133] . In fact it has been suggested that QDs can be viewed as 'artificial' atoms [134] . However, these tantalizing possibilities will not be discussed in this review.
Classical single-electron charging
In the previous section, the conductance through a quantum dot was shown to exhibit periodic peaks as a function of gate voltage.
As hinted above, this behaviour in semiconductor devices was first seen in gated quasi-one-dimensional channels [62, 63, 96, 97, 119] . In these structures it is believed, in retrospect, that tunnelling barriers, and hence isolated segments or dots, surreptitiously formed out of the random disorder potential that is known to exist in the channel [135] . Van Houten and Beenakker [136] first proposed an explanation for these early results based on a theory of single-electron charging, referred to as the Coulomb-blockade theory. The foundations of Coulomb-blockade theory were set by Kulik and Shekhter [137, 138] , who had been motivated by phenomena reported yet earlier on transport through small metallic grains [139] [140] [141] [142] [143] .
The prevalence of single-electron charging in semiconductor quantum dots turned the Coulomb-blockade concept into an important part of modern semiconductor physics. In the Coulombblockade model, conductance oscillations are viewed as a manifestation of sequential single-electron tunnelling through a system of two tunnel junctions in series [61, [144] [145] [146] [147] [148] [149] [150] . This section discusses single-electron charging effects in QD structures using the language of the Coulombblockade model.
Periodic conductance oscillations in the classical Coulomb-blockade theory
The following discussion aims to elucidate the fundamentals of the Coulomb-blockade theory by considering how a simple case of this model accounts for the periodic conductance peaks observed in a planar QD such as that in figure 2 . Begin by considering the abstracted view of a planar QD shown in figure 1(b) . This schematically depicts an isolated puddle of electrons, of total charge Q, that is coupled across tunnel barriers to macroscopic leads on both sides. Also shown is a plunger gate which capacitively couples to the small electron puddle. Implicit in the concept of capacitive coupling is the simple relationship, Q = C p V p , which relates changes in Q to changes in the plunger voltage, V p , via the capacitance between the dot and the plunger, C p . Somewhat more accurately, the minimum electrostatic energy state is maintained by having Q follow this relation.
In quantum dot structures, in which Q is not overwhelmingly large with respect to the electronic charge e, the relationship between V p and Q must take into account the discreteness of charge carried by electrons. Doing so is at the heart of the Coulomb-blockade model, and is accomplished by understanding that, although V p may be varied continuously, the charge in an isolated QD must at all times be an integer multiple of e, namely Q = Ne. Consequently, the actual charge on the dot is the integer multiple of e that comes closest to the quantity of charge that would otherwise reside in the dot if charge were not quantized. Therefore, if V p is increased continuously, the charge in the dot increases incrementally by e at periodically spaced values of V p in a stepwise manner illustrated in figure 6(a) .
Given that the charge in the QD is an integer multiple of e, consider the electrostatic energy associated with N electrons in the dot:
The first term on the right-hand side of this expression represents the capacitive charging energy of N electrons on the dot, C being the total capacitance of the dot (the capacitance between the QD and the 'rest of the world'). The second term represents the potential energy of the QD, where ϕ is the electrostatic potential. Section 3.3 will treat the case of several gates coupled to the dot and contributing to its total capacitance, but for the time being the assumption is that the plunger gate is the only gate with significant capacitive coupling to the QD. In this case, C = C p and ϕ = V p in equation (3.1) . Solving this relation for the integer value of N that minimizes E(N) for a given V p reproduces the same staircase relationship arrived at above in figure 6 (a). The plunger gate voltages at which the charge on the dot increments by one electron correspond to situations in which E(N + 1) = E(N). This condition occurs periodically when V p = e(N + 1/2)/C p , indicating that, if V p is adjusted to a value at which the electrostatically favoured quantity of charge on the dot is a half integer multiple of e, then the actual lowest energy state of the dot is degenerate, corresponding either to N or to N +1 electrons, and the dot is energetically free to fluctuate between these two states. Midway between these charge degeneracy points, when V p = eN/C p , equation (3.1) indicates that adding (or removing) an additional electron moves the dot away from its lowest energy state by an energy e 2 /2C. Here charge fluctuations are suppressed by the Coulomb energy associated with adding (or removing) Figure 6 . Single-electron charging and the origin of periodic conductance peaks. The quantity of charge that represents the minimum electrostatic energy is given classically by Q = CV p (more generally, in the presence of several other capacitances, Q = Q 0 + CV p ) plotted as the broken line in (a). In the small electron system (a quantum dot), where the discreteness of charge must be taken into account, the actual charge in the QD is the integer multiple of e closest to the continuous quantity Q, shown by the full line in (a). The schematic plot of conductance peaks in (b) illustrates that periodic conductance peaks correspond to plunger-gate voltages, V p , associated with charge-degeneracy points, where the charge in a QD is free to fluctuate by e. one electron to the dot. As V p is swept, this charging energy periodically attains its maximum value of e 2 /2C each time V p is half way between the degeneracy points, and gradually vanishes as the QD approaches the degeneracy points.
Turn next to consider how the periodic occurrence of charge degeneracy points, separated by regions in which charge fluctuations are suppressed, give rises to periodic conductance peaks as a function of V p . In order for current to flow through a QD, an electron must tunnel across one of the barriers, momentarily reside in the dot and then tunnel out of the dot through the other barrier. Therefore, unless the two tunnelling events occur simultaneously, conductance is inherently associated with the total charge in the dot fluctuating between two (or more) values, Ne and (N + 1)e. At low temperatures, these fluctuations are energetically allowed only at the charge degeneracy points which occur periodically in V p with spacing V p = e/C p as indicated in figure 6 (b). Away from charge degeneracy points, charge fluctuations in the dot are blocked by the Coulomb energy involved, and hence the tunnelling conductance is suppressed.
In vertical QD structures in which the top electrode acts as a gate [70] , this same mechanism accounts for the periodic peaks in capacitance that are seen as the bias voltage is increased, such as in figure 5 . At charge degeneracy points, an electron is free to tunnel between the dot and the substrate in response to the AC biasing signal. The resulting AC current, by charging and discharging the QD, gives rise to a peak in the measured capacitance. The case of DC transport in vertical QDs will be discussed in section 3.4. This simple picture embodies the essentials of the Coulomb-blockade theory of periodic conductance oscillations. Though it evokes tunnelling to account for electrons entering and exiting the dot, it is otherwise an entirely classical model in which electron-electron interactions are fully described by simple capacitive charging which blocks electron transport onto a QD, except at periodically occurring charge degeneracy points. Working within this model, a rigorous formalism has been developed [150, 151] to describe the conductance quantitatively, taking into account the tunnelling rates, bias voltages and temperature. The rest of this section will proceed to elaborate this model as well as to point out some of its limitations.
Coulomb-blockade oscillations at finite temperature
A more realistic understanding of the Coulomb blockade takes into account non-zero temperature, which contributes to transport by allowing some electrons to overcome the Coulomb charging energy. This results in a non-vanishing temperature-dependent tunnelling conductance between the peaks. At sufficiently elevated temperatures, kT ∼ e 2 /C, the Coulomb blockade is completely washed out. At lower T , the off-peak conductance is non-zero, but it is smallest midway between conductance peaks. At relatively low temperatures, kT e 2 /C, this implies that a finite width is acquired by the conductance peaks, although they still remain well separated. Including temperature in the model outlined above is a straightforward calculation [149] , which yields an expression for the line shape of a conductance peak. The main result of this calculation is that the amplitude of the conductance peak is T -independent, with exponentially falling tails and a width proportional to T . The actual temperature behaviour of measured conductance peaks is more complex than the behaviour just described; in fact, this complex behaviour was one of the earliest hints that the Coulomb-blockade model does not fully describe conductance in quantum dots [5, 6] . This issue will be elaborated in section 4.
The Coulomb blockade in the presence of multiple capacitances
Another simplification in the above outline of the Coulomb blockade was that only one gate was shown as being capacitively coupled to the QD. In reality, several gates simultaneously couple to the QD. In addition, there is significant capacitive coupling between the dot and its leads, and there are possibly other stray capacitances. In a multiple-gate geometry, capacitance is classically defined by the relation
where Q is the change in the equilibrium value of the charge, Q, which occurs in response to a change in voltages, V i , each applied to the respective ith gate or lead. By definition, C i is the capacitance between this gate, or lead, and the QD. This relation implies that changing the ith gate voltage by V i changes ϕ (the potential on the dot) by V i (C i /C), where C ≡ i C i is the total capacitance of the dot. This modifies equation (3.1) only to the extent of associating ϕ with αV p , where α = C p /C. As a result, sweeping any gate independently yields periodic conductance peaks, with spacing V i = e/C i . This allows one to determine the various gate capacitances experimentally with high accuracy. The capacitance between the dot and the tunnelling leads can also be determined quite accurately by biasing the leads, as will be explained in section 3.4. Figure 7 shows a representative multiple-gate planar QD for which the individual gate and lead capacitances were measured [23] . Carrying out this procedure gave a total capacitance to the dot of C = 2.84 × 10 −16 F. The individual gate and lead capacitances are noted in the caption to figure 7. This value of C is typical for such devices and compares well with values of C reported elsewhere for other planar QDs [10, 18, 22] .
The total capacitance, C, is an important parameter in QDs because it determines the temperature range over which single-electron charging effects are manifested. In practice the criterion kT < e 2 /C, must be met in order for single-electron charging effects to be observable. For the case above in which C = 2.84 × 10 −16 F, this relationship implies temperatures under 4 K. In vertical QDs, C is comparable or larger. Hence the general necessity of measuring both planar and vertical QDs at very low temperatures (T < 1 K) in order to observe singleelectron charging effects clearly.
Various schemes have been suggested for decreasing the size and capacitance of QDs and thus increasing the temperature at which single-electron charging effects occur [65] . In fact single-electron charging effects in planar QDs have recently been reported at or above liquid helium temperatures [44, 108, 124, 152] . No doubt the objective of increasing the temperature range of single-electron charging effects will remain high on the research agenda in the foreseeable future.
Large-bias measurements and the Coulomb gap
Until now the discussion of the Coulomb-blockade model has focused exclusively on the zero-bias conductance of a planar QD, namely conductance in the limit of very small bias between the drain and source leads. The Coulombblockade model is equally applicable towards interpreting the large-bias I -V ds behaviour of a QD. In figure 3 a representative trace of I versus V ds under Coulombblockade conditions shows that no current flows in the neighborhood of zero bias, V ds = 0. This suppression of current has been referred to as the Coulomb-blockade gap. It arises from the fact that, away from charge degeneracy points, there is a finite charging energy required to place an additional electron on a QD. At low temperatures, current begins to flow only when V ds is sufficiently large to supply this charging energy. This defines a threshold voltage, V th , which is usually determined by extrapolating the high-bias slope of the I -V ds curve to zero current.
The above discussion implicitly assumed that the QD potential was tuned, for example by the plunger voltage, to the fully blockaded state, midway between conductance peaks. It is an important exercise to describe the change in the I -V curve as V p is changed. This is illustrated schematically in figure 8 . Ignoring the capacitance between the dot and the drain lead, the I -V curve simply shifts with V p while essentially preserving its shape. This is a direct result of the fact that the threshold energy to add (remove) an electron from the QD is reduced (increased) proportionally to the positive shift in ϕ, as is evident from equation (3.1). Thus, the I -V curve varies periodically with V p .
Among other things, this implies that the I -V curve is highly asymmetric for all but two points in any gate voltage cycle. Interestingly, the total gap e/C between positive threshold and negative threshold is preserved. Right at the conductance peak, the I -V curve nominally fluctuates between two curves corresponding to the two degenerate charge states of the QD: one shifted to the left, the other to the right.
A somewhat subtle point, which has not always been correctly dealt with in the literature, is how finite capacitance between the dot and its leads effects the I -V ds relation in the Coulomb-blockade model. When dot-lead capacitances are negligible, the Coulomb gap measured in the I -V ds trace is simply e/C, as was the case above. When there is a finite capacitance, C d , between the dot and the drain (the biased lead), the dot potential is shifted by the drain voltage, ϕ = (C d /C)V ds , thus effectively decreasing the actual voltage drop between the drain and the QD. As a result, a larger voltage is required to overcome the Coulomb blockade, and the measured gap is equal to e/(C −C d ). Measurements of this type allow determination of the dot-lead capacitances [23] . Strictly speaking, this consideration holds only when V p is biased sufficiently far away from a conductance peak, V p ≥ eC d /C 2 . Closer to a peak, the lead biasing can pull ϕ into a charge degeneracy point and cause the measured gap in I -V ds to be smaller, its value depending on V p and the various capacitances.
In vertical quantum dots, I -V ds curves are the most Figure 9 . An experimental demonstration of the Coulomb staircase in a planar QD [60] . The current, I , as a function of bias, V ds , between the leads shows a staircase relationship under conditions described in the text.
common type of measurement, as has been pointed out before [72, 73, 81-84, 87-89, 99, 153] . Although here too the single-electron charging gap should be manifested, a major practical difference results from the fact that, in most cases, the QD itself is empty of electrons at zero bias, and a large threshold voltage -typically much larger than the Coulomb gap -is associated with the first allowed state into which electrons can tunnel. Thus the threshold voltage is usually not a direct measure of the Coulomb gap. Nevertheless, single-electron charging can be seen in vertical structures via the Coulomb staircase.
The Coulomb staircase
A particularly striking example of how single-electron charging can affect the I -V ds characteristics of a QD occurs when one tunnel barrier is significantly more transmitting than the other tunnel barrier. In this case the I -V behaviour of the dot can exhibit what has been referred to as the Coulomb staircase [138, 146, 147] , namely a stepwise curve as seen in figure 9 . This celebrated signature of single-electron charging is frequently misunderstood, thus justifying a somewhat detailed discussion.
The most important point to make is that, unlike the Coulomb suppression of current in the neighbourhood of V ds = 0, the staircase is not a universal feature of the Coulomb blockade. Rather, it is a special result of having very different tunnelling rates through the two tunnelling barriers. For simplicity, the lead with the more (less) transparent tunnel barrier will be referred to as the drain (source). The Coulomb-blockade staircase arises in the following way. As V ds is increased, eventually it becomes sufficiently large to overcome the Coulomb charging energy, and an electron rapidly tunnels into the QD through the drain barrier. The electron then dwells in the QD for a relatively long time, until it tunnels out through the more opaque source barrier. Tunnelling out to the source lead is the rate-limiting step in transport through the QD, and the tunnelling rate in this step is affected only by the potential difference between the QD and the source. This potential difference is equal to the charging energy plus the fraction of V ds that falls across the source barrier, which, since the source is kept at a constant voltage, is just ϕ = (C d /C)V ds , where C d is the capacitance between the QD and the drain lead. When C d /C is sufficiently small, then the potential difference driving the rate-limiting step is primarily determined by the charge state of the QD and it is nearly independent of V ds . Consequently, at this point the current that flows through the dot is nearly independent of V ds . In a sense the increasing bias is falling in the 'wrong' place, thus failing to increase the current. Here is the origin of the first plateau in the Coulomb-blockade staircase. Successive plateaux are repeatedly arrived at as V ds becomes large enough to charge the QD with incrementally more electrons, with commensurate increase in the dot-to-source potential drop. An experimental curve for a planar QD is shown in figure 9 . Thus the plateaux are closely linked to the plateaux of Q versus V , in that each one corresponds to a different charge state of the QD.
While the preceding was intended to give a qualitative understanding of the Coulomb-blockade staircase, the actual current predicted by the Coulomb-blockade model can be calculated exactly for an arbitrary set of capacitances and tunnelling rates across barriers by solving for the stationary state of a set of balanced tunnelling rate equations [138, 144, 146-148, 151, 154] . These works have shown that the Coulomb staircase will only arise for particular asymmetric constellations of tunnelling barriers and capacitances.
Finally, special consideration is warranted for the case of vertical QDs. In these structures the QD is initially empty. Charging energy is associated with the temporary transfer of an electron into the QD. More than one excess electron can reside in the dot only if (i) the tunnelling rates in the barriers are substantially different and (ii) the bias direction is such that electrons are injected through the relatively transparent barrier. For the other bias polarity no charging will occur since an injected electron will leave the QD through the other side sooner than the next electron enters. Indeed, the Coulomb staircase has been seen in asymmetric vertical QDs and, as expected, only for one polarity of the I -V ds curve [73, 77, 81, 82, 88, 89] .
Minimum tunnelling resistance for single-electron charging
Implicit in the formulation of the Coulomb-blockade model is the condition that the number of electrons localized in the dot, N , is a well-defined integer. This is to say, well defined in the classical sense, as opposed to a quantum definition which describes N in terms of an average value N , which is not necessarily an integer, and time-averaged fluctuations δN 2 . The Coulomb-blockade model requires that δN 2 1. Clearly, if the tunnel barriers are not present, or are insufficiently opaque, nothing will constrain a quantized electronic charge to be confined within a certain volume. The question which has intrigued many workers is that of whether there is a simple criterion which the tunnel barriers have to obey in order to validate the fundamental premise of the Coulomb-blockade picture. The general view is that there is a minimum resistance [150, 155] which the barriers must exceed in order to have δN 2 1, and this resistance is of the order of the quantum resistance h/e 2 = 25 813 . This should be understood as an orderof-magnitude measure, rather than an exact threshold.
One argument to this end is based on the Thouless criterion [156] , which proceeds as follows. The condition δN 2 1 requires that the time that an electron resides on the dot, τ , be much greater than δτ , the quantum uncertainty in this time. The current I cannot exceed e/τ since (for moderate bias) no more than one extra electron resides on the dot at any instant. The energy uncertainty of the electron, δE, is no larger than the applied voltage, hence the condition that δτ τ translates into macroscopic variables using I ≤ e/τ , δτ δE ≥ h and δE < eV ds . Doing so gives the minimum tunnelling resistance condition mentioned above, R = V ds /I ≥ h/e 2 . Another popular, though admittedly crude, argument goes roughly along the following lines. Given a capacitance C and a resistance R by which the capacitance of the dot is charged/discharged, the characteristic time for charge fluctuations is simply δτ RC, hence the energy uncertainty is δE = h/δτ = h/RC. The energy gap associated with a single-electron charge is e 2 /C. For this gap to be well defined, that is not to be eliminated by the uncertainty principle, the requirement is that δE < e 2 /C which then reduces to R > h/e 2 . In fact, more rigorous theoretical studies of this issue have generally supported this conclusion [155, [157] [158] [159] [160] [161] . Several experimental tests have also shown this to be a necessary condition for observing single-electron charging effects [8, 36, [162] [163] [164] .
For completeness, it is appropriate to mention a related issue which has been discussed in the literature. This is known as the 'effect of the electromagnetic environment' on the Coulomb blockade. In essence, the objective is to quantify the time scales associated with the charge fluctuations, which are related to the electromagnetic excitations of the leads themselves, or the 'electromagnetic environment' of the tunnel junction. This is a particularly important issue in the context of a single tunnel junction (as opposed to a QD between two junctions), which in principle can also exhibit Coulomb blockade. The essential physical point is that a low-impedance lead will tend to carry away charge more quickly, and thus, roughly speaking, reduce the duration of transient charges and therefore suppress the Coulomb blockade. A detailed discussion of this is outside the scope of this paper, but can be found in the literature [151, 163, [165] [166] [167] [168] [169] [170] [171] .
Co-tunnelling
In a similar vein, even if the minimum resistance criterion is met and single-electron charging effects are manifested, small quantum fluctuations, or uncertainties, in N are not entirely ruled out. Consider the situation in which V p is biased so that G is between conductance peaks. In the classical Coulomb-blockade model there is then a fixed number of electrons N on the QD and at T = 0 the charge on the QD does not fluctuate. However, the fact that very small quantum fluctuation in N may be present corresponds to electrons momentarily tunnelling onto the QD, with an energy deficit on the scale of the classical Coulomb charging energy [155, [172] [173] [174] [175] [176] [177] [178] [179] [180] [181] [182] [183] . Essentially, the tunnelling electron resides on the QD in a virtual charge state for a sufficiently brief interval such that the energy uncertainty of this state is larger than its classical energy deficit, subsequently tunnelling out. This process has been referred to as co-tunnelling or macroscopic quantum tunnelling (MQT) of charge. The rationale behind the latter term is that the total charge of the system (a macroscopic variable) undergoes a transition through a classically forbidden intermediate state, in apparent violation of the Coulomb blockade.
This mechanism is described by second-order perturbation terms of the tunnelling Hamiltonian, of which there are two distinct types. The first type corresponds to the tunnelling of an electron into a certain energy state and the tunnelling of an electron from the same state out of the dot. The end result of the two tunnelling events is that the state of the QD is unchanged, and as such, this is referred to as elastic co-tunnelling, which contributes a linear term to the I -V relation. In the second kind of processes, somewhat misleadingly referred to as inelastic co-tunnelling, an electron tunnels into a certain state in the dot and a second electron, from a different state, tunnels out of the dot. The state of the dot is modified, leaving an electron-hole excitation. The resulting current is nonlinear in V ds and temperature-dependent. Both mechanisms give a conductance proportional to σ 1 σ 2 , namely the product of the independent conductances of the two barriers; this is characteristic of an off-resonance tunnelling process.
The case of elastic co-tunnelling depends, in principle, on the geometry of the QD. This is because the electron involved has to couple to both leads; thus in a sense it must traverse the dot in a virtual state. One limiting form which has been obtained in the literature [182] is
where is the average energy separation between eigenstates in the QD and E 1 (E 2 ) is the charging energy associated with adding (removing) a single electron to (from) the dot. Note, in particular, that the resulting conductance scales roughly as the ratio between the level spacing and the Coulomb gap U ≡ e 2 /C. The case of inelastic co-tunnelling gives the following well-known form
namely the sum of two terms: a linear term which depends quadratically on temperature and a temperature-independent nonlinear term I ∝ V 3 . Each of these terms applies in the limit in which kT or eV ds > , respectively. Both result from increasing the number of possible electron-hole excitations which can be created in the QD in the course of the co-tunnelling event. The distinction is made between these two processes because their relative contributions to the total net cotunnelling current depend on the density of states in the QD. In metal QDs, in which the density of states is large, the elastic component of co-tunnelling is usually overwhelmed by the inelastic component. However, in semiconductor QDs, in which the density of states is much smaller than in metals, both elastic and inelastic terms can contribute to the co-tunnelling current. In practice, co-tunnelling is expected to modify the classical picture of single-electron charging in the form of excess current in the region of the Coulombblockade gap, in the case of I -V ds measurements, or excess tunnelling current between conductance peaks in low-bias measurements. Experimental observation of co-tunnelling has been reported in semiconductor quantum dots with relatively low charging energies, U ≡ e 2 /C 0.2 meV, namely ones in which co-tunnelling effects are enhanced by the low value of U [7, 16, 26] .
Thermopower
A related transport property in quantum dots is the thermoelectric effect. This effect describes the voltage build-up V ds in response to an imposed thermal gradient, T ds , with the thermopower S defined by the relation V ds = S T ds . It results from the transfer of electrons from (to) the warmer side to (from) the colder side, due to the different thermal occupation of levels. As such it is not surprising that S was found to oscillate periodically with V p in planar QDs, similarly to the conductance [21, 29, 40] . These oscillations have been predicted in a direct extension of Coulomb-blockade theory [184] . Perhaps the most interesting feature to point out is that S in a QD undergoes periodic sawtooth shape oscillations, as opposed to the symmetric conductance oscillations; furthermore, S is maximum just before the conductance minimum, at which it abruptly changes sign and begins another sawtooth rise.
Intuitively, this sawtooth shape can be understood to be related to the asymmetric I -V curves discussed in section 3.5; the thermopower is a direct result of the fact that it is 'easier' for electrons to cross the dot in one direction than in the other. Roughly speaking, warmer electrons (or holes) will tend to explore the easier transitions more often, and create a positive (negative) charge build-up on their side. Indeed the conductance peaks and valleycentres correspond to symmetric I -V and vanishing S. The theory of Beenakker and Staring [184] gave a detailed derivation of this behaviour.
Applications of single-electron charging in semiconductor quantum dots
Before concluding this discussion of the classical Coulombblockade model, several particularly intriguing applications of single-electron charging deserve attention [185] . The ideas discussed so far fall under three categories: current standards, sensitive analogue transistors (electrometers) and digital applications.
Soon after Coulomb-blockade conductance peaks were observed it was realized that, by properly cycling the biasing voltages on a planar QD, one electron per cycle could be caused to pass through a quantum dot, as had similarly been realized in small metal systems [186] [187] [188] [189] [190] [191] . In this manner a controlled cycle frequency, f , could lead Figure 11 . The turnstile I -V ds characteristics of a planar QD, measured by Nagamune et al [111] . Gate voltages were cycled with an AC signal of f = 10 MHz (1.6 pA) at T = 10 mK. The observed current steps correspond to I = nef = n × 1.6 pA (n is an integer), which are indicated by dotted lines. Data are reproduced with permission of the authors.
to a current given precisely by I = ef . An experimental realization of this was carried out in a semiconductor quantum dot by Kouwenhoven et al in a structure in which, unlike preceding work in metal tunnel junctions, V ds was held at a fixed bias and the tunnel barrier heights were cycled [9, 111, 192, 193] . The principle of operation is illustrated in figure 10 . The current versus V ds observed at a cycle frequency of 10 MHz (namely 1.6 pA) is reproduced in figure 11 . The first plateau in these traces represents biases at which only one electron passes through the dot per cycle. The second plateau corresponds to a sufficiently large V ds , allowing two electrons per cycle to pass. QD structures operated in several variants of this mode have been referred to as electron turnstile devices and electron pumps, and have been proposed for possible metrological applications, namely, as a frequency-controlled standard current source.
To date, semiconductor turnstile devices have operated with an error of approximately 0.3% of the ideal current ef . Possible sources of error include limited resolution of current measurements, leakage across tunnel barriers, photon-assisted tunnelling from background thermal radiation and unwanted co-tunnelling [65, [194] [195] [196] [197] [198] [199] . A partial solution to these problems lies in placing several QDs in series and operating at larger bias. Work along these lines is being pursued both in semiconductor and in metal structures with the hope that current sources based on single-electron charging devices may eventually achieve metrological accuracy.
Another group of applications looks at gated QDs as a radically new type of field effect transistor -a singleelectron transistor [148, 200] -which can function as an analogue amplifier or a digital device. As an analogue amplifier, the sensitivity of the conductance of a QD to small changes in local electric fields may allow these devices to serve as electrometers with resolution well below the single-electron level [201] [202] [203] [204] [205] [206] [207] [208] [209] . It has also been suggested that single-electron charging devices be operated as an ultra-high-resolution displacement transducer [210] . Quantum dots in the single-electron tunnelling regime functioning as low-temperature photodetectors have also been considered [211] . Lastly, several suggestions have been put forward that envision the implementation of single-electron devices in the context of electronics circuits. Both memory [115, 212] and voltage-gain [213] devices have been demonstrated using various single-electron charging devices, and on a larger scale, suggestions have been made for the implementation of single-electron charging in digital electronics [147, [214] [215] [216] [217] . However, at the same time, others have cautioned against speculating too far afield [65, 218] .
Single-electron charging and the discrete level spectrum of a quantum dot
The genesis of the Coulomb-blockade model took place on the backdrop of single-electron charging phenomena observed in small metal particles. In these metal granules, the separation between quantum energy levels is, in general, much smaller than e 2 /C or kT ; hence the classical treatment underlying the Coulomb-blockade model is an excellent approximation [137, 138] . In a semiconductor QD, however, the situation is different. Consider the single-particle density of states in a GaAs 2DEG, which is 2.8 × 10
13 eV −1 cm −2 . For a region of 2DEG comparable in size to a usual QD, the energy separation between eigenstates, ε, is approximately 0.05 meV. This value can be compared to the Coulomb gap, U ≡ e 2 /C, in a typical planar QD which is about 0.5-1 meV. These two energies are similar, the charging energy being only an order of magnitude larger, and they can both be significantly larger than kT (about 0.01 meV). This observation suggests that, in addition to the behaviour attributed to classical single-electron charging, there may be manifestations of the discrete level spectrum of a QD. In fact, both theoretical considerations and experimental observations have pointed to the importance of this discrete level spectrum [200] , which will be the subject of the following discussion. It will be shown that, although the Coulomb blockade still serves as a useful model for interpreting some of the most salient features of transport in QDs, the interplay of the discrete level spectrum and single-electron charging must be considered in order to understand the behaviour observed in these systems better.
Addition spectrum versus excitation spectrum
The single most important message in this section is that, in a QD, there are two energy scales associated with two distinct experimental perturbations of a QD. The first is a perturbation that adds an electron to the dot, thereby changing N , the number of electrons in the system. The energy involved is defined as an addition energy, and the set of energies required for consecutive addition of electrons is collectively referred to as the addition spectrum. The second type of perturbation is one in which the number of electrons in the dot is held fixed, but some electrons are excited to a higher energy state in the QD. The corresponding energies are referred to as the excitation spectrum, and also loosely termed the spectrum of 'singleparticle' levels.
These spectra can be thought of as analogues to the ionization spectra and internal excitation spectra of atoms. In one case an electron is added or removed from the system; in the other case an electron is excited within the system. Indeed the analogy between atoms and QDs can be taken quite far [134] . As a preview to the following discussion, several comments can be made about the various experiments concerned. In planar QDs, largebias measurements generally probe the excitation spectrum of the dot, whereas plunger voltage sweeps at small V ds probe its addition spectrum. Similarly, in vertical QDs, capacitance spectroscopy measures the addition energies, whereas large-bias conductance can measure excitation or addition energies, as explained in the following section.
Transport spectroscopy of vertical QDs
Several groups have experimentally studied the conductance spectrum [67, 72, 73, 77, 82, 84, 87, 153] and capacitance spectrum [70, [93] [94] [95] of single vertical QDs. As indicated in section 3, the conductance of vertical QDs is not necessarily affected by charging; often there is no accumulation of charge in the QD during transport. Such a situation is favourable for measuring the excitation spectrum and is perhaps the most straightforward form of conductance spectroscopy. On the other hand, the conductance threshold is largely determined by the 'vertical' confinement energy required to enter the QD layer. Even if there is a steady electron population in the QD, a single-particle spectrum can be extracted [73, 85, 87] ; however, in this case the labelling of these energies should be qualified, due to the importance of electron-electron interactions [219] .
If the barriers are asymmetric and electrons are injected from the transparent side, they will accumulate in the QD [73, 77, 82, 220] . Here one can measure the modified Coulomb staircase (shifted in voltage due to the vertical confinement energy mentioned above), which is in fact a manifestation of the addition spectrum. This is because each step on the I -V curve corresponds to an increase of one electron in the QD's average population. Asymmetric vertical QDs epitomize the two types of spectroscopy: when electrons are injected from the transparent side, the addition spectrum is measured in terms of the steps in the I -V curve; when they are injected through the lesstransparent barrier, charge does not accumulate in the dot and the structure in the I -V curve corresponds to the true single-particle spectrum.
Another spectroscopic technique is the capacitance measurements described before [70, 94] .
Here it is quite clear that it is the addition spectrum which is measured, because each capacitance peak occurs at a voltage corresponding to the increase in the QD population by one electron. The approximate periodicity in the peaks shown in figure 2 results from the fact that the addition Figure 12 . The differential conductance G ≡ dI /dV ds as a function of V ds measured in a planar QD [23] . The peaks are associated with the excited electron states in the QD, appearing whenever such an excitation is aligned with the Fermi level of one of the leads. spectrum is largely determined by a classical electrostatic energy, which implies that the charge is approximately linear in voltage. Nevertheless, measurable deviations from periodicity contain important information on the quantum mechanical energy state of electrons in the dot.
Transport spectroscopy of planar QDs
Two very different forms of conductance spectroscopy have been employed in planar QDs in the single-electron charging regime. The first is the measurement of the addition spectrum via conductance (at small V ds ) as a function of V p [11, 221] ; the second is measurement of the excitation spectrum via large-V ds conductance measurements at fixed V p [15, 23, 32, 37, 222] . The former is based on the notion that a conductance peak occurs whenever the dot potential ϕ, as affected by V p , reaches a charge degeneracy point, namely the threshold for adding an electron to the QD's equilibrium population. This will be seen via the formalism introduced below. Its application in magnetic fields will be discussed in section 5.
Turning to nonlinear spectroscopy, figure 12 shows G ≡ dI/dV ds as a function of V ds measured in a planar QD [23] . This measurement is otherwise similar to that of figure 3 except that here the differential conductance of the structure is plotted in order to reveal higher levels of detail. The Coulomb-blockade gap is manifested by the flat region of the trace spanning V ds = 0. At the edge of the gap, the large peak in differential conductance on either side marks the threshold above which electrons can tunnel into the dot. Beyond these initial rises in G(V ds ), a series of additional peaks are seen. The characteristic spacing of these peaks in V ds is about 0.1 mV and can be contrasted with the Coulomb gap, which is about 0.6 meV in this case.
To interpret these data, consider figure 13, which shows two schematic representations of the various occupied and empty energy levels of the QD with respect to its leads. The two drawings compare the classical Coulomb-blockade picture, in figure 13(a) , and the more relevant quantum case, figure 13(b), which will be the focus of the following discussion. Under increasing V ds bias condition, the quasiFermi level on, say, the left-hand lead, is raised by the bias potential; initially no current flows because electrons at the quasi-Fermi level do not yet have enough energy to overcome the charging energy of the QD. Eventually, V ds reaches the point at which an electron can tunnel from the lead onto the QD. This initiates current flow and a peak in G is observed. As the quasi-Fermi level is further raised, eventually a second available level becomes energetically accessible. At this point, an electron tunnelling into the dot from the biased lead can tunnel into either one of two available states. These states can be different not only in energy, but also in their tunnelling rates. However, once one electron has tunnelled to either of these states, a second electron cannot tunnel into any other state until the first electron leaves the QD. This is because the Coulomb-charging energy associated with two excess electrons prevents them from both occupying the QD at the same time.
This point is an essential feature of nonlinear transport in QDs and can lead to complex structure in G. For example, if the dwelling time of an electron in the second level is longer than that in the first level, then as V ds is increased the net conductance of the dot decreases when the second level comes into play. This mechanism results in negative differential conductance, G < 0 [23, 38] .
With this understanding in hand, it is clear that peaks, and negative valleys, in G correspond to discrete energy levels in the dot and that a measurement of G can be exploited to map the excitation spectrum, or single-particle states, in a QD. Carrying out this procedure on the data in figure 12 gives the spectrum shown in figure 14 . A series of levels spaced apart by about 0.1 meV is seen, with a roughly 0.6 meV gap containing no states in the neighbourhood of V ds = 0. Following the reasoning of section 3.5, the position of differential conductance peaks in V ds has been converted to an energy scale by multiplying V ds by a term 1 − C d /C, which accounts for the fact that the potential in the QD partially follows the potential in the biased lead due to the finite capacitance C d between the dot and the drain-lead. To make a connection with the classical Coulomb-blockade model, note that, in the limit in which the spectrum of states becomes continuous, the classical Coulomb-blockade picture is regained.
Finally, figure 15 shows the large-bias differential conductance, G, measured at a sequence of plunger-gate voltages [32] . Note that, in addition to the peaks in G, several valleys with G < 0 are observed. This plot presents a synopsis of a QD spectrum, in which the features form diagonal lines describing the evolution of energy levels with the externally imposed potentials. Two comments are appropriate for quantitative understanding of this plot. One point has been made above, namely that, as a result of C d , there is a non-unity conversion factor between V ds and energy. Another related issue is the fact that the gap (the horizontal width of the zero-conductance region) is obviously not constant. This too results from the capacitive effect of V ds on the dot potential, ϕ, in the following way. Depending on the relative position of the QD levels with respect to the Fermi level, the conductance can be due not only to the alignment of the drain voltage with the QD levels (the usual picture, which would give a fixed gap), but also to alignment of the other lead, which is at fixed voltage, with the (shifting) levels of the QD. This gives rise to conductance before the otherwise-anticipated V th .
The theory of single-electron charging in the presence of a discrete level spectrum
This section will present in more detail the theoretical description of the implications of a discrete level spectrum for transport through a QD. Begin by recalling figure 14, which shows the discrete spectrum of levels measured above and below the Coulomb gap. This picture, which simultaneously embodies the effects of single-electron charging and discrete levels, will serve as the starting point in the following presentation of transport in QDs that incorporates these two phenomena [223] [224] [225] [226] [227] [228] [229] .
Aside from the Coulomb gap, the spectrum of states shown in figure 14 is strongly reminiscent of the energy levels seen in the conventional non-interacting resonant tunnelling picture. The reality, however, is more subtle. Electrons in an actual QD comprise a many-body system of strongly interacting particles in a complex potential. The spectrum of states in figure 14 belies this complexity and suggests a simplified formulation of transport in these systems, which has been embraced by several workers. Essentially, this view assumes that the energy of a QD, E, is fully described by the sum of a Coulomb-charging term, as in the Coulomb-blockade model, plus the energies of an 'ad hoc' set of discrete levels:
where ε i represents the energy of the ith eigenstate relative to the Fermi level in the QD and the summation is over the set of occupied states [228, 229] . The actual values of ε i need to be calculated numerically for a realistic geometry [53, 230] . Furthermore, each level is associated with a tunnelling rate between the left and right leads, Working in this framework, transport through a QD has been calculated both for large-bias [223] [224] [225] [226] and for zerobias regimes [228, 229] . The approach is straightforward, although the mathematical book-keeping can get quite cumbersome. The idea is to sum the contributions to conductance from all tunnelling processes over all the possible configurations of the QD, in terms of (i) the number of electrons N residing in the dot and (ii) which levels they occupy. Each configuration must be given its appropriate statistical weight, which in itself depends on the bias, temperature and tunnelling rates. The results of this formulation are most clearly demonstrated in the limit of small source-drain bias. Borrowing from Beenakker [228] , the conductance in the small-bias case is given by
where P eq (N ) is the equilibrium probability that the QD contains N electrons, F eq (ε i |N) is the conditional probability that level i is occupied, given that the QD contains N electrons, and f (ε i ) is the Fermi-Dirac distribution with Fermi energy defined as zero.
This equation has two particularly simple limiting forms. One is in the limit kT ε U , and the other limit is when ε kT U , where ε is the characteristic energy separation between single-particle levels. In either case kT U , which describes the experimental situation when isolated conductance peaks as a function of V p are observed.
In the first limit, when kT ε, only tunnelling through one quantum state, closest to the Fermi level, contributes significantly to the small-bias conductance of the dot. Equation (4.2) reduces to
where ε j is the energy of the single-particle state closest to the Fermi level. Recalling that changing the bias on the plunger gate by an amount V p shifts the level of ε j (with respect to the Fermi level) by an amount ϕ = α V p , equation (4.3) is seen to describe the line shape of a conductance peak measured as a function of V p . The line shape in this case has an amplitude that scales as 1/T , a width proportional to temperature with FWHM ≈ 3.5kT /αe, an integrated area independent of T , and tails that fall off exponentially in V p as exp(−αV p /2kT ). This line shape was observed experimentally [5] and is identical to that of a thermally broadened resonance in the absence of single-electron charging [231] , as expected, since only one discrete state contributes to the conductance of the QD in the low temperature limit. When ε kT U , equation (4.2) has a second limiting form. In this case, the summation over the set of discrete states ε i in equation (4.2) reduces to an integral of the form
and the summation over N need only be evaluated at the one value of N for which eN is closest to the equilibrium charge on the QD. In this limit, P (N) is given by the classical Boltzmann distribution. By further assuming a uniform tunnelling rate for all levels, l and r , through the left and right tunnel barriers respectively, equation In contrast to (4.3), this expression describes a line shape with a temperature-independent amplitude and a FWHM = 4.35kT /αe, although the tails still fall off as exp(−αV p /2kT ). Its integrated area increases in proportion to T . This is the same line shape as that predicted by the classical Coulomb-charging model [138, 149] mentioned in section 3.2. 
The position of the conductance peaks
From equation (4.1), the interpretation of the gate-voltage position of the conductance peaks is revised with respect to the classical picture. Conductance peaks, which correspond to charge-degeneracy points, are determined at very low temperatures by the condition E(N) = E(N + 1), which leads to eϕ N+1 = (N +
)e 2 /C + ε N+1 . In other words, the spacing between conductance peaks is, within a factor of αe (that translates V p to εϕ), given by e 2 /C + ε, as opposed to just e 2 /C of the classical picture. Thus, the position of the conductance peaks contains information about the single-particle energies. In principle, unless the single-particle levels ε i are equally spaced, the conductance peaks are not exactly periodic in V p . This is true as long as kT ε, for which peaks are narrow enough to resolve the contribution of ε. However, as long as the charging energy is larger than the level spacing, as is often the case in planar QDs that are a few hundred nm in size, the deviations from periodicity are relatively small.
Temperature behaviour of conductance peaks
The preceding theory invites a second look at the conductance of a QD as a function of plunger voltage and in particular the temperature behaviour of its conductance. Figure 16(a) shows the experimental conductance of a planar QD plotted against V p for four temperatures in the range 0.2-1.25 K. At low temperatures, the heights of successive peaks in V p vary non-monotonically and adjacent peaks are separated by broad minima. As the temperature is increased, all the peaks broaden; their amplitudes decrease in some cases and increase in other cases; in certain cases (the peak shown furthest to the right), the amplitude first decreases then increases as the temperature is raised [6, 232] . Eventually, at the highest temperature, peaks overlap significantly and the amplitude of successive peaks in V p increases monotonically.
This behaviour has been interpreted within the framework of the model described above.
At low temperatures, when ε > kT , the conductance of any particular peak is entirely determined by the tunnelling rates l i and r i of a specific single particle state i. Large-amplitude peaks are associated with states that are more strongly coupled to the leads; low-amplitude peaks with weakly coupled states. As temperature is increased and ε ∼ kT , each conductance peak is influenced by contributions of tunnelling through several discrete energy states, although still within the constraint of one electron at a time. The monotonic increase in peak amplitudes at high temperatures simply reflects the trend towards more strongly coupled levels at higher V p . Figure 16 shows the agreement between the temperature data and a numerical calculation incorporating discrete levels [229] . The results of this calculation suggest that ε ≈ 0.05 meV. Similar temperature measurements [36] have explicitly demonstrated the crossover from the lowtemperature resonant tunnelling line shape (4.3) to the classical Coulomb-blockade line shape (4.5), manifested by the re-scaling of the FWHM of peaks from 3.5kT to 4.35kT as kT approaches ε.
The entire discussion above ignored the level widthh i , which is motivated by the assumption thath i kT , even at the lowest experimentally accessible temperatures. If this were not the case, the conductance line shape would be influenced by the level width. When kT h , one expects to observe a Lorentzian line shape in analogy with the line shape for resonant tunnelling in the non-interacting case, namely a Breit-Wigner resonance [233] [234] [235] [236] . In fact, conductance peaks with line shapes corresponding to thermally broadened Lorentzians have been observed in planar QDs with strongly transmitting barriers [23] . Coupled QDs, which will be discussed in section 6, also provide further insight into line shape and level width [237] .
A perspective on the meaning of the various energies
The addition spectrum is a clear and rigorously defined quantity. It is the minimum energy required in order to add an electron to a closed system, in its ground state, and is essentially the total energy difference between the respective N-electron and the (N + 1)-electron ground states. At a comparable level of rigour, the excitation spectrum corresponds to the energy differences between the ground state and the higher-energy collective eigenstates, or excitations, of a closed system with N electrons.
Where things become more tentative is the association of the addition spectrum with two separate and additive components, a charging energy U and a quantum energy ε, the latter of which is also referred to as confinement energy, kinetic energy or single-particle energy. This is clearly a heuristic view, since, in principle, electron-electron interactions inside the QD cause the Coulomb and kinetic energies to be irreparably intertwined and inseparable. Yet another leap of faith is the explicit designation of a fixed value to the charging energy part of the addition spectrum, U = e 2 /C, independent of N , in extension of the classical notion of capacitance. This usually goes hand-in-hand with an implicit assumption that the single-particle spectrum is in some sense unaffected by interactions. However, without a simple assignment of a value to U , the distinction between the two energies becomes of little theoretical utility. The advantage of this construct is not only its simplicity, but also that it links the two spectra intimately, by viewing both as simple sums of independently definable U and ε i terms. The non-interacting single-particle spectrum in a QD is in itself of significant theoretical interest, and is related to extensively studied issues of quantum chaos and level statistics [47, 48, 52, [238] [239] [240] [241] [242] [243] [244] .
The above approach can be appreciated in a historical perspective. The temperature behaviour of conductance peaks [6] underscored the limitations of the Coulombblockade model, and the hybrid model of 'ad hoc' discrete levels and constant U = e 2 /C proved useful in understanding the experimental observations. Indeed, it was understood from the outset that encapsulating electronelectron interactions solely in terms of classical charging energy, and then superimposing upon this a discrete set of quantum energy levels, was at best a simplified approximation of the real system. The fact remains that temperature-dependence and large-bias measurements both indicate the existence of two energy scales, one of the order of the classical charging energy and one comparable to the average separation of single-particle states. The next section will demonstrate the concrete implementation of these concepts.
Transport through quantum dots in high magnetic fields
In high magnetic fields, the general features of singleelectron charging are well preserved.
Quasi-periodic conductance or capacitance peaks, the Coulomb gap and the other hallmarks of single-electron charging appear in their familiar form even as quantum dots are exposed to high magnetic fields of B 10 T. However, closer examination reveals that a variety of effects emerge in magnetic fields. These usually manifest themselves as systematic evolution in the voltage position and amplitude of the characteristic transport features, whether gate voltage peaks, capacitance peaks or the structure in the I -V curves. The magneticfield-induced behaviour of QDs has been exploited to gain a deeper understanding of QDs in general, whether in a finite or in zero magnetic field. The following discussion aims to give the reader a sense of some of the experimental and theoretical insights acquired along this new and active avenue of research. 
The addition spectrum in a magnetic field
At T = 0, if an electron can freely tunnel into a QD, it indicates that there is an available charge state of the QD aligned in energy with electrons in the leads. This situation can be identified by measuring the tunnelling current, either by conductance or by capacitance measurements, which show a sharp increase when this alignment occurs. In previous sections it was shown that, when singleelectron charging predominates, this alignment occurs nearly periodically as a function of gate voltage and corresponds to the successive addition of electrons to the ground state of a QD. In other words, the addition spectrum of a QD consists of a series of almost equally spaced levels. Consider now this spectrum and its dependence on magnetic field. Experimentally, this entails measuring the gate voltage at which conductance or capacitance peaks occur as a function of B. Figure 17 displays the evolution of the capacitance peaks which were shown in figure 5 , with increasing B up to 10 T [94] . This is a two-dimensional grey-scale plot, in which the vertical axis is the voltage, that is the energy scale of electron addition. The capacitance is highest in the bright areas; thus the bright lines trace the addition energies as a function of B. At B = 0, nearly periodic peaks are observed, in the form of approximately uniform vertical spacing. As B is increased, the position of the capacitance peaks changes continuously and with ostensibly systematic form. Particularly remarkable is the fact that this experiment probes the addition spectrum starting with the very first electron in the dot. This small-N regime is usually not accessible in planar QDs. Now consider a related experimental observation, this one from conductance peaks of planar QDs. Figure 18 shows the gate voltage associated with successive conductance peaks for fields in the range 2.5-5.0 T [60] . In other words, each point denotes a conductance peak, plotted versus V p and B. Once again, the gate voltage associated with a peak is related directly to the addition energy spectrum. An arbitrary vertical cross section through this plot shows that, at any given field strength, peaks are approximately periodic in V p , and thus the sequential peaks trace roughly parallel horizontal lines. However, small deviations from periodicity are present, of order 10%, which evolve with B and give rise to a variety of structure in the plot. Note the oscillatory fluctuations of peak position in the neighbourhood of B = 3.0 T and the relative position of the fluctuations in adjacent peaks. At higher B the character of the fluctuations changes and on occasion new peaks emerge between existing ones. Figure 18 . The addition spectrum of a planar QD in a magnetic field, extracted from the gate-voltage positions of conductance peaks [60] . Each point on the plot is a conductance peak; thus the vertical scale corresponds to addition energies of N electrons in the dot, for several values of N .
Interpretations of the addition spectrum in a magnetic field
Forming an understanding of these experimental observations has been the focus of considerable effort. An early interpretation of the addition spectrum data in quantum dots worked within the framework of the single-particle energies model presented in section 4.4 [11, 228] . In this scheme, the separation between energy levels (peaks) is the sum of two components, a constant charging term U = e 2 /C and a non-interacting single-particle term, ε i (B). Hence the name of this model, the constant interaction (CI) model. This interpretation applied to the addition spectrum in magnetic fields suggests that the complex evolution in peak position can be attributed to the nature of the energy levels ε i (B) of non-interacting particles confined within the QD. As a matter of fact, the evolution of ε i (B) with magnetic field is relatively well understood and theoretically tractable; in particular, an exact solution for the idealized case of a circular, parabolic confining potential has been known for over half a century [245, 246] and has been reviewed in several recent works, such as [247] .
At first sight, this picture gave surprisingly good agreement with the observed B-dependence of the addition spectrum [11] . In particular, it explained the oscillatory features in figure 18 , with additional supporting evidence that will be mentioned later on. However, while appealing in its simplicity, the CI picture was soon understood to have serious flaws. For example, it suggests that Zeeman splitting (for electrons with the same level ε i but opposite spins) should be apparent in the addition spectrum. Experimentally it is not seen [11] . This and other quantitative discrepancies were compelling reasons to go beyond the CI model.
A second interpretation of the addition spectra data models the interacting electron gas in a QD in a selfconsistent manner [221] . Although in many ways this model is also a simplification, it presents a major change in the entire view of the energy of a QD. The most important point is that the energy of the QD is determined by the selfconsistent internal Coulomb energy, which in turn depends on the detailed internal organization of electrons in the dot. This organization in itself depends on N, B, the confining potential and the electronic interactions, as the QD seeks its lowest energy configuration. It turns out that the latter varies with B in a fashion which accounts for the observed B-dependence of the addition spectrum. In this sense, the B-dependence of the addition spectrum is a manifestation of changes in Coulomb energy. This is in contrast to the 'naive' CI model, which viewed the Coulomb energy as constant and the single-particle energy as solely responsible for the detailed structure in the addition spectrum.
A brief review of the main features of the self-consistent model is now presented. Details can be found in several recent works [248] [249] [250] and their references. The small electron gas in a QD is described as a confined collection of fully interacting electrons.
As an approximation the in-plane confinement is assumed to be provided by a circular two-dimensional parabolic potential, namely
At B = 0 the electronic charge eN distributes itself in a dome-like, or hemispheric, density ρ(r), which is shown schematically in figure 19(a) . ρ(r) is highest in the middle and gradually decreases to zero at a distance R from the centre, where R increases roughly as N 1/3 . However, in a magnetic field, the quantization of magnetic energy into Landau levels (LL) can drastically modify this charge distribution.
Each spin-polarized LL can accommodate a certain maximum density of electrons, which is given by eB/ h ≈ 2.4 × 10 10 cm
at B = 1 T. The filling factor, ν, defined as the ratio between the 2DEG density and eB/ h, is a measure of the number of occupied LLs. In trying to minimize the energy by preferring occupation of the lowest LLs, ρ(r) re-distributes in concentric circular strips, alternating between 'incompressible' strips where the density is flat (and equal to ieB/ h such that i LLs are exactly full), and 'compressible' strips with a radial density gradient. Although the resulting redistribution of charge will have an increased electrostatic energy, this will be sufficiently compensated for by the lowering of the magnetic energy of the system. The actual redistribution of charge needs to be calculated numerically. Figure 19 schematically depicts this situation for the case of 1 < ν < 2, namely one incompressible strip with i = 1. The self-consistent energy of the system for a given B also comes out of this calculation, and hence can be used to derive the addition spectrum of a QD as a function of B. This is at times referred to as the 'wedding cake' model, due to the steplike profile of the charge density seen in figure 19(b) . Perhaps the most important point to understand is that the incompressible strips, although occupied with charge, are effectively insulating regions, since no changes in the charge density can take place in them. Thus the QD is effectively turned into several concentric dots (or rings), with mutual interactions, and insulating strips between them. One attractive simplification is to model their interaction by mutual capacitances [39, 249] as depicted in figure 19(c) . The key is that this capacitance C ij is Bdependent, due to the B-dependence of the width of the various strips.
The number and width of the strips changes with B and in turn modifies the internal Coulomb energy of the electrons. As B increases, the lower LLs can accomodate more and more electrons in the confined area at their disposal. Thus there is a gradual depopulation of the higher LLs (the upper layers of the 'wedding cake') into the lower LLs. Generally, each magnetic-depopulation event -the transfer of an electron from a higher LL (inner compressible region) into a lower LL (outer strip) -corresponds to a change in the B-dependence of the total energy, dE/dB, and hence to one of the wiggles seen in figures 17 or 18. This is simply because the energies of higher LLs have a steeper dependence on B. The pronounced drop in the addition energy marked by triangles in figure 17(b) , is probably associated with ν = 2, namely the complete depopulation of the second orbital LL (still leaving two spin levels). The identification of this point at a given N can be used to determine R, the size of the QD [94] .
Despite the success and simplicity of the self-consistent model, it still does not fully describe the ground state of a QD. Absent in this model are the effects of exchange and correlations, which are known to play an important role, for example, in describing spin polarization, particularly in high magnetic fields [251] [252] [253] . The simplest observation which already calls for exchange interaction is seen in figure 17(a) , in which the circles indicate a cusp in the addition spectrum. Similar features have recently been observed in conductance measurements as well [77, 90] . This cusp has been attributed to exchange-induced spin polarization [77, 90, 94] . Recent detailed measurement and analysis of the addition spectrum in planar QDs [254] at ν < 2 has indicated the importance of exchange interaction in quantitatively accounting for the magneticfield-induced spin polarization in a QD with a larger numbers of electrons. There are other features at higher fields [94] which are not accounted for within the simple self-consistent model.
Eventually, at sufficiently high B, all electrons are in the lowest LL, and the features associated with depopulation of higher LLs (or spin states) are no longer seen. This is the ν = 1 filling factor of the quantum Hall effect. As B is further increased, the LL density of states eB/ h increases and the dot can -in principle -shrink further, thus gaining confinement energy, but increasing internal Coulomb repulsion. This is the compact, or maximum-density-droplet, phase of the QD; it is a 'maximum-density' phase in the sense that the electrons are in the most compact filling of states allowed by the Pauli exclusion principle, thus minimizing confining-potential energy, but at the expense of Coulomb repulsion energy. The compact phase is predicted to be the lowest energy state for a certain range of B values [255] . The corresponding density of this state increases with B, and therefore the Coulomb repulsion energy increases. Eventually, the QD will resist further shrinkage and re-distribute the electrons in complex fashions [255, 256] . Interestingly, non-trivial features have been observed in the addition spectrum in this regime [94, 254] . It has been speculated that they are related to internal reconstruction of the density distribution in the QD. These results and ideas are new and tantalizing, but it is still early to assess their validity and implications.
The study of many-body effects in QDs, using numerical and analytical tools, remains a major theoretical front [257] [258] [259] [260] [261] [262] [263] [264] [265] [266] [267] [268] [269] [270] [271] [272] . In the high-magnetic-field limit, there have been some specific predictions for the regime of the fractional quantum Hall effect [94, 262, 273, 274] and of the possible formation of a 'Wigner molecule' [275] , which will not be detailed here. It is clear, however, that a full account of the spectra of QDs eventually requires the consideration of the entire many-body problem.
Tunnelling rates through a quantum dot in a magnetic field
The previous section focused only on the addition energy of a QD which is determined from the position of conductance or capacitance peaks. Now consider the B-dependence of the coupling to the leads, or tunnelling rate, i , associated with the various levels. When temperature is sufficiently low compared to the spacing between discrete states in a dot, kT < ε, the coupling strength of the highest occupied [30] . The peak heights vary cyclically, with three peaks per cycle, corresponding to three occupied Landau levels (LLs), as explained in the text. The highest peaks correspond to the outermost states, which belong to the lowest LL. The inset, taken on the same device under slightly different conditions, demonstrates that the internal order in each cycle is not universal. Reproduced with permission of the authors.
level of a planar QD is manifested in the amplitude of its associated conductance peak. Figure 20 shows successive conductance peaks as a function of plunger voltage in high magnetic fields. This striking behaviour, marked by periodic modulation of the peak amplitudes, has been seen in several QD systems [18, 30, 35, 39, 276] . Depending on the field regime, the period of the modulation has been observed to range between two and as many as eight peaks per cycle. The period of the modulation envelope appears always to be an integer multiple of peak spacings, essentially corresponding to the number of occupied LLs.
These observations have been interpreted both within the CI model [18, 30] and within the wedding-cake model [39, 276] . In both descriptions, the magnetic field confines electrons to different sets of levels, some more localized towards the centre of the dot and others more towards its periphery. It should be pointed out that the single-particle states can also be assigned a LL index corresponding to their asymptotic B-dependence at high B. These states circulate along the QD's boundary, and are therefore called circulating edge states. More will be said about this in the next section. Generally, at any given energy, higher-index LLs -if occupied -are confined more towards the interior. In this respect the CI and the 'wedding cake' models are quite similar.
In general, peak height reflects the spatial distribution of the highest energy occupied state in the QD, namely the state into and out of which electrons will repeatedly tunnel, in the course of the conductance measurement. Hence, peak height modulation is related to changes in the spatial distribution of the Nth state, where N is the number of electrons in the QD. If this uppermost electron state belongs to a lower-index Landau levelwhich would be an outer strip in the self-consistent model, or an outer edge state in the CI model -then it is closer to the tunnel barriers and hence the tunnelling rate will be relatively high. The electrons confined to the interior have a lower tunnelling rate. In other words, because the uppermost electron belongs to a more internal, higher index LL, the conductance peak associated with it will be lower. Furthermore, as electrons are added to the QD, they populate the various LLs, or weddingcake layers, in an approximately regular cycle. Hence, in the course of sequential conductance peaks, the latter are cyclically associated with more strongly (lower LL) and more weakly (higher LL) coupled states. This explains the cyclic modulation of the conductance peak height and relates its period to the number of compressible strips (or LLs). Both models give the same general features, but the self-consistent model was more successful in terms of quantitative agreement with experiments [39, 276] . In any case the detailed behaviour depends upon the particular geometry and confining potential [277] .
Perhaps even more striking is the evolution of the height of a specific peak as B is changed. A specific peak corresponds to a fixed number of electrons N. However, as B is varied and the internal structure evolves, the N th electron -the only one that contributes to transport -can alternately find itself in different parts of the QD, with resulting variation in the height of the N th conductance peak. Indeed, such were the experimental observations [6, 11] , as shown in figure 21 . Heights of each peak are found to vary by more than an order of magnitude with B and in synchronization with the changing slope dE/dB in the addition spectrum. The correspondence between the changing addition energy (peak position) and tunnelling rate (peak height) were a compelling factor in the experimental observations and their interpretation.
Although observed peak-height variations are quite large -more than an order of magnitude -they are still moderate with respect to theoretical expectations, because the tunnelling probability into the inner LLs should be exponentially small. A recent experiment [43] has shown temporal switching in the peak positions at high magnetic field, which has been attributed to bistability in the internal charge distribution of the QD. The characteristic time for these switching events is on the scale of many seconds. This interpretation suggests extremely slow rates associated with tunnelling into the internal part of the dot. The very weak coupling between edge electrons of different LL indices, although still not quantitatively understood, is consistent with observations of long-range adiabatic transport in edge states of macroscopic samples [54, 278] .
In vertical tunnelling, the strong relation between radial distribution and tunnelling rate is not present. Furthermore, in capacitance measurements the peak capacitance is not a direct measure of the tunnelling rate, but rather of the electronic charge transferred in each AC cycle. Still, if the tunnelling rate drops below the AC frequency, the capacitance signal will be suppressed. Indeed, suppression of tunnelling in high magnetic fields has been observed to appear in conjunction with particular features in the addition spectrum [94, 95] . Some of these features are associated with integer filling factors, but the reason for suppression of tunnelling rate is not yet understood. The graph [6] shows peak height for a small range of B , plotted together with the peak position. The tunnelling rate is suppressed when the N th electron belongs to a higher LL, since the latter are more strongly confined to the centre of the dot, away from the leads. Higher LLs are also associated with a faster rising energy as a function of B , hence the drop in peak height coincides with an upward slope in the peak position.
Adiabatically transmitted edge states and Coulomb blockade in quantum dots
The formation of concentric sets of circulating orbitals, each set associated with a separate magnetic LL, gives rise to a variety of phenomena in QDs [247] . In particular, magnetoconductance oscillations in B, reminiscent of AharonovBohm oscillations but occurring in a simply connected dot (as opposed to a ring), have been predicted [279] and observed [2] . These occur in a QD when electrons can enter adiabatically, rather than in the tunnelling regime associated with single-electron charging. Referring to these oscillations as the Aharonov-Bohm effect is perhaps misleading. In fact the oscillations have to do with the magnetic evolution of the energy levels of electrons in the QD and their cyclic alignment with the Fermi energy.
As the point-contact entry ports to the QD are gradually pinched off, the higher index (higher energy) LLs are the first to be depleted in the vicinity of the point contact, thus forming closed orbits inside the QD, while lower LLs may still be classically transmitted. Ultimately, when the pointcontact gates are sufficiently biased, all LLs are confined to the dot, returning to the ordinary single-electron charging situation described above. These various possibilities are depicted in figure 22 .
Interestingly, in the intermediate regime in which some edge states are transmitted and others are confined, shown in figures 22(b) and (c), single-electron charging will still play a role in transport. Several groups have studied this regime [13, 17, 19, 24, 28, 33, 250, [280] [281] [282] [283] [284] . The phenomena can most simply be understood using the following general line of thought: closed edge states behave like isolated QDs exhibiting charging effects and energy quantization effects, while the transmitted edge states play a role similar to current leads. It is true that the actual measured current does not consist uniquely of tunnelling current -much of it is simply the contribution of the classically transmitted edge states, but changes in the conductance as a function of B or V p can be attributed to the contribution of tunnelling between the transmitted edges to the internal isolated LLs, which in itself is governed by single-electron charging effects. Once again, the partially transmitting barrier situation can be discussed in the language of the CI model, as above, or in a more comprehensive self-consistent approach [250] .
The observed phenomena can become relatively complex, especially if there are more than two LLs. For example, consider the effect of a plunger gate. As V p (and hence the potential ϕ) is lowered and charge is added to the QD, the added charge will try to distribute itself among the various edge states. Enhanced tunnelling into any particular isolated LL will occur only when that LL is on the threshold for gaining an electron (a charge-degeneracy point), which occurs less frequently in V p than the general event of adding an electron to the entire QD. Roughly, if there are ν populated LLs, all with comparable capacitive coupling to the plunger gate, then a full charging cycle will add ν electrons to the entire dot, one per LL. Thus singleelectron tunnelling resonances will be of several families -one per closed LL -and in each family the periodicity in V p will be approximately ν e /C p , as opposed to e/C p for the fully isolated QD [13, 281] . Alternatively one can sweep B. Here, the most salient effect [33, 247, 280, 283] is that the so-called Aharonov-Bohm oscillations of the fully transmitted edge states are suppressed, or 'delayed', as a result of the single-electron charging energy involved in Figure 22 . A quantum dot in high magnetic fields with three edge channels, or Landau levels, with varying degrees of pinching voltage on the entry port gates: (a) fully formed tunnel barriers and closed orbits for all Landau levels, with tunnelling only; (b) one transmitted edge channel and two closed orbits and (c) two transmitted edge channels. As explained in the text, single-electron charging affects the tunnelling of electrons into the closed orbits.
the magnetic re-alignment of energy levels in the dot.
As a final, perhaps obvious remark, the partially transmitting barriers in the quantum Hall regime, although having resistances well below the quantum resistance h/e 2 , should not be viewed as contradicting the concept of minimum resistance for the Coulomb blockade. This is because the blockade here is only affecting the contribution of the closed LLs to the current, whose coupling to the current leads does not determine the measured resistance.
Zeeman spin splitting in the single-particle spectrum
At intermediate magnetic fields, electrons with both spin states occupy the QD and participate in tunnelling. If each single-particle state is doubly degenerate, pairing should be observable in the addition and excitation spectra corresponding to the two spin states of each specific level. Generally this is not the case, although some suggestive data have been observed [31] . This should not come as a surprise, in the light of the above discussion; interactions are most likely to remove any spin degeneracy. Still, the magnetic-field-dependence of the spectrum should have a small contribution from the Zeeman energy associated with the electrons' spin.
In a perpendicular magnetic field the Zeeman energy is very small compared to the orbital magnetic energy, thus making it quite difficult to observe even within the theoretical perspective of the simple CI model. However, when B is parallel to the plane of the 2DEG, orbital effects are very small whereas the Zeeman energy remains essentially the same. This fact was used by Weis et al [32] to observe the contribution of parallel-B Zeeman energy to the electronic energy, as shown in figure 23 . The spectrum, extracted from differential conductance peaks in a planar QD, is shown to evolve with the intensity of B in a way which classifies the entire spectrum into two categories, presumably associated with the two possible values of spin.
The present outlook
At the time of writing, active research continues on various aspects of single-electron tunnelling. This final section will attempt to describe some of the additional issues which are on the agenda. Naturally, this should be taken in the appropriate perspective, with the understanding that, as in any other field, the 'frontiers' are neither constant nor objectively definable.
Coupled quantum dots
If a quantum dot can be viewed as an artificial atom [134] , then the next natural logical step might be to create and study artificial molecules, in other words, two or more QDs in close proximity, allowing electrostatic interaction and tunnelling between them. Like many other aspects of single-electron tunnelling, work on arrays of metallic tunnel junctions preceded work on their semiconductor counterparts. These were viewed primarily in the context of classical charging effects. On the other hand, early interest in chains of semiconductor QDs was motivated by the objective of realizing an artificial one-dimensional lattice [14, 285] .
The case of two coupled QDs has generated increasing interest in recent years, both theoretical [286] [287] [288] [289] [290] [291] [292] [293] and experimental [14, 22, 220, 237, [294] [295] [296] [297] [298] [299] , and further work is presently being pursued by several groups. Double-QD systems are already quite complex in their behaviour. Electrostatics by itself can give rise to a richness of charge states and transport states of this system [286, 287, 296, 297] , due to inter-dot capacitance. Strong inter-dot tunnelling will further change the single-particle spectrum as well. The modification of energy levels due to inter-dot tunnelling and Coulomb interactions is essentially the analogue of chemical bonding between atoms in the formation of molecules. Furthermore, when two different QDs are placed in series, a smaller dot can be used as a spectrometer for a larger dot [87, 237] .
Larger periodic arrays of QDs have also been realized [300] . These can be viewed as artificial crystals [301] and have even been considered as potential electronic networks [216]. Generally, the field of coupled QDs is one in which much progress is likely to take place in the near future.
Coherence
One of the persistent mysteries of resonant tunnelling through two or more sequential barriers has been the question of whether the process is coherent or not. In other words, is there a deterministic relation between the quantum mechanical phase of the incoming electron and the transmitted electron emerging on the other side. The reason the question is difficult to answer is because the measured quantity -the conductance -depends only on the squared amplitude of the transmitted wavefunction, and is insensitive to its phase. For this reason, the line shapes of conductance peaks, or the temperature dependence, for example, could not be used to distinguish between the two a priori conceivable possibilities. The ambiguity could be removed if the transmission amplitudes of the two barriers were known separately, in addition to their combined transmission amplitude. This was the basis for an early attempt to study the coherence of transmission through planar QDs in high magnetic fields [4] . More recently, an interference experiment demonstrated phase coherence of electrons tunnelling through a planar QD [45] . In this experiment a QD was embedded in one arm of an 'Aharonov-Bohm ring'. The conductance of the ring showed oscillations periodic in the magnetic flux, namely Aharonov-Bohm interference oscillations, indicating that a significant part of the single-electron tunnelling current transmitted through the QD is coherent. This is not unreasonable given the characteristic rate of phase breaking events in a 2DEG at low temperatures, although little is known about phase breaking within a QD. Although the present understanding of that experiment is that the geometry was not suitable for measuring the actual phase shift experienced by electrons in the QD [302] , the coherence of the tunnelling process appears well established. This new result raises interesting questions regarding the degree of coherence under various conditions.
The Kondo effect in quantum dots
The Kondo effect has been a long-standing area of investigation in solid state physics [303] . Essentially, this effects describes the crossover from weak to strong coupling between a solitary spin (magnetic) impurity and a sea of conduction electrons. In bulk metals, this effect is associated with an anomalous increase in resistance upon cooling to very low temperatures for metals with Kondo impurities. It has been suggested that QDs may be a novel system in which to observe this effect [304, 305] . A QD with an odd number of electrons, and therefore a net spin, is envisioned to form a Kondo transmission resonance with the electrons in the leads of the dot [304] [305] [306] [307] [308] [309] . This effect may manifest itself at low temperatures as a dramatically increased conductance between every other conductance peak, when an odd number of electrons resides in the QD. Theoretical work has suggested that the zerobias conductance of a QD may show Kondo enhancement at temperatures kT 0.1h , whereh is the non-interacting level width described in section 4.4. A value of about 10 µeV has been reported forh in QDs with low tunnel barriers [23] , which corresponds to a temperature of about 0.1 K. This temperature is at the border of what can be reached with conventional techniques, but it has been suggested that Kondo effects may in fact be observable at much higher temperatures in large-bias measurements [305, 307, 308, [310] [311] [312] . This scenario has been referred to as 'the Kondo problem out-of-equilibrium', in reference to the fact that, unlike the conventional Kondo effect, this proposed resonance occurs between two electron baths at different chemical potentials. As such, it may serve as new grounds for studying the Kondo effect both experimentally and theoretically.
High-frequency phenomena
Most of the results and experiments discussed so far have been ones that are associated with steady state transport, namely DC measurements. Even the turnstile effect described in section 3.9, though being inherently an AC measurement, should, in principle, persist down to arbitrarily low frequencies. On the other hand, the suppression of tunnelling in the capacitance measurements of Ashoori et al [94, 95] can be referred to as a highfrequency effect, because the tunnelling rate drops below the AC frequency of order 200 KHz.
However, more dramatic frequency-dependent phenomena are also under study. One of them is photon-assisted tunnelling, namely tunnelling in the presence of an externally applied microwave or far-infrared field. Tunnelling through QDs in the presence of AC fields has become a subject of increasing interest [311, [313] [314] [315] [316] [317] . Enhancement of tunnelling in QDs has been experimentally observed [318] when the energy of one (or several) photon(s) corresponds to the energy difference between the incoming electron and an available state of the QD, into which it tunnels. Thus the microwave frequency, f , can be used as an additional spectroscopic tool to study the energy levels of QDs, and as such may become more common in the near future. In fact, 'unintentional' photon-assisted tunnelling, due to background electromagnetic radiation, has been reported in metallic double-junction systems [198, 319, 320] . Furthermore, not only photons but also phonons [321] can influence tunnelling.
As mentioned before, far-infrared absorption spectroscopy is an important tool in the study of QDs; practically this requires a large array of nominally identical QDs. Although these do not fall within the scope of the present review, they are an important tool for studying the excitation spectra of QDs [117] .
Concerning another aspect of high frequencies, temporal correlations between single-electron tunnelling events, as a result of the Coulomb repulsion, have been discussed in the literature [147, 150, [322] [323] [324] [325] [326] . These could manifest themselves, for example, in the amplitude and spectral distribution of shot noise associated with a DC tunnelling current. Indirect evidence suggestive of time-correlated tunnelling in arrays of metal junctions has been obtained from microwave-assisted transport [327] , but direct observation of spontaneous temporal correlations is experimentally much more difficult.
To date no experimental manifestation of temporal correlations in semiconductor QDs has been reported.
